Let G be a finite additive abelian group of odd order n, and let G * = G \ {0} be the set of non-zero elements. A starter for G is a set S = {{xi, yi} : i = 1, . . . ,
} such that 1.
{xi, yi} = G * , and 2. {±(xi − yi) : i = 1, . . . ,
Moreover, if xi + yi : i = 1, . . . ,
, then S is called a strong starter for G. A starter S for G is a k quotient starter if there exists Q ⊆ G * of cardinality k such that yi/xi ∈ Q or xi/yi ∈ Q, for i = 1, . . . , n−1 2
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Introduction
Strong starters were first introduced by Mullin and Stanton in [20] in constructing of Room squares. Starters and strong starters have been useful to construct many combinatorial designs such as Room cubes [8] , Howell designs [2, 15] , Kirkman triple systems [15, 18] , Kirkman squares and cubes [19, 21] , and factorizations of complete graphs [1, 7, 9, 12, 13] . Moreover, there are some interesting results on strong starters for cyclic groups [15] and for finite abelian groups [9, 14] .
A starter S is a k quotient starter if there exists Q ⊆ G * of cardinality k such that y i /x i ∈ Q or x i /y i ∈ Q, for i = 1, . . . , n−1 2 , see [6] . In particular if k = 1 the starter S is called one-quotient starer for G. In fact, an first example of a one-quotient strong starter S was given in [16] Lemma 1. Further information about quotient starters in [6] .
Let QR(q) and N QR(q) denote the set of quadratic residues and the set of non-quadratic residues of the F * q = F q \ {0}, respectively. In this work, we prove the following: Theorem 1.1 (Main Theorem). Let q = 2 k t + 1 be a prime power with k > 1 a positive integer and t an odd integer greater than 1. Then there exists a strong starter S for F q which satisfies {a, b} ∈ S with a ∈ QR(q) and b ∈ N QR(q). Furthermore there exists two different elements β 1 , β 2 ∈ N QR(q) such that for every {a, b} ∈ S, with a ∈ QR(q) and b ∈ N QR(q), we have that b/a ∈ {β 1 , β 2 }.
In the known results, there are constructions of strong starters for F q (see [5, 6, 10, 16, 17] ), but none of those constructions gives an explicit construction of strong starters which satisfy the conclutions of the Main Theorem. This paper is organized as follows. In Section 2, we recall some basic properties about quadratic residues. In Section 3, we include an alternative proof when q ≡ 3 mod 4 and q = 3 (see [16] ). In section 4, we present some previous results. Finally, in Section 5, we prove the main theorem and present some examples.
Quadratic residues
Let q be an odd prime power. An element x ∈ F * q is called a quadratic residue if there exists an element y ∈ F * q such that y 2 = x. If there is no such y, then x is called a non-quadratic residue. The set of quadratic residues of F * q is denoted by QR(q) and the set of non-quadratic residues is denoted by N QR(q). It is well known that QR(q) is a cyclic subgroup of F * q of cardinality q−1 2 (see [11] pg. 87), that is Theorem 2.1. Let q be an odd prime power, then QR(q) is a cyclic sub-
Corollary 2.2. Let q be an odd prime power, then 1. if either x, y ∈ QR(q) or x, y ∈ N QR(q), then xy ∈ QR(q), 2. if x ∈ QR(q) and y ∈ N QR(q), then xy ∈ N QR(q).
The following theorems are well known results on quadratic residues. For more details of this kind of results the reader may consult [3] pg. 171, see also [11] . 2. x ∈ N QR if and only if −x ∈ N QR.
3 Case q ≡ 3 mod 4, with q = 3
Now, for the sake of completeness, we include a proof for the case q ≡ 3 mod 4, with q = 3, using different notation that in [16] . This notation will be used, of general way, in the main result of this paper.
Lemma 3.1. If q ≡ 3 mod 4 is an odd prime power with q = 3, then there exists a strong starter S for F q such that {a, b} ∈ S satisfy that a ∈ QR(q) and b ∈ N QR(q).
Proof. Let α be a generator of QR(q) and β ∈ N QR(q) such that β + 1 = 0. We claim that the following set:
is a strong starter for F q . First we have that {α, α 2 , . . . , α
To end this section, it is easy to see that S β is an example of one quotient strong starter for F q . This kind of starters are called Dinitz starters for F q , see [4] , Theorem VI.55.22, page 624.
Previous results
To begin with, we introduce some terminology in order to simplify the description of the of existence of strong starters S for F q with the property that if {a, b} ∈ S, then a ∈ QR(q) and b ∈ N QR(q).
Let q = 2 k t + 1 be a prime power with k > 1 a positive integer and t an odd integer greater than 1 and α be a generator of QR(q). We define
On the other hand, let β 1 ∈ N QR(q) and β 2 ∈ β 1Ĉ0 . We define
Moreover, it is easy to see that a∈Cj a = 0, a∈Ĉj a = 0, a∈Dj a = 0 and a∈Dj a = 0, for j = 1, . . . , ∆ 1 − 1.
To prove the main theorem of this paper (see Theorem 1.1), we need to prove the following auxiliary lemma, which states the condition of existence of strong starters S for F q with the property that if {a, b} ∈ S, then a ∈ QR(q) and b ∈ N QR(q), and wthe proof of this lemma is obtained from Lemmas 4.3 and 4.4.
Lemma 4.1. Let q = 2 k t+1 be a prime power with k > 1 a positive integer and t an odd integer greater than 1. Then there exist β 1 ∈ N QR(q) and
We present the sketch of the proof of Main Theorem: Let α be a generator of QR(q), β 1 ∈ N QR(q) and β 2 ∈ β 1Ĉ0 such that (β 1 − 1)(β 2 + 1) ∈ N QR(q) and (β 1 + 1)(β 2 − 1) ∈ N QR(q) (by Lemma 4.1), then the
We have that QR(q) = ∆1−1 j=0 {{x} ∪ {y} : x ∈ C j , y ∈Ĉ j } and N QR(q) = ∆1−1 j=0 {{β 1 x} ∪ {−β 2 y} : x ∈ C j , y ∈Ĉ j }. Moreover, if {a, b} ∈ S(β 1 , β 2 ), then a/b ∈ {β 1 , −β 2 } or b/a ∈ {β 1 , −β 2 }, which impliest that S(β 1 , β 2 ) is a two-quotient strong starter for F q . Moreover, if {a, b} ∈ S(β 1 , β 2 ), then a/b ∈ {β 1 , −β 2 } or b/a ∈ {β 1 , −β 2 }, which impliest that S(β 1 , β 2 ) is a two-quotient strong starter for F q .
To prove the following lemma, we needs the next definition: Let q = ef + 1 be a prime power and let H be the subgroup of F * q of order f with {H = C 0 , . . . , C e−1 } the set of (multiplicative) cosets of H in F * q (that is, , then (β * + 1) ∈ QR(q) and (β * − 1) ∈ N QR(q). On the other hand, if β * = β 1 , then (β * + 1) ∈ N QR(q) and (β * − 1) ∈ QR(q). Hence (β * + 1)(β * − 1) ∈ N QR(q).
Remark 1.
According with the proof of Lemma 4.3, if there exists β ∈ N QR(q) such that |A β | = 1, then (β + 1) ∈ QR(q) and (β − 1) ∈ QR(q). Moreover, if there exists β ∈ N QR(q) such that |A β | > 2, then β * = a β 2 is such that (β * + 1) ∈ N QR(q) and (β * − 1) ∈ N QR(q).
Lemma 4.4. Let q = 2 k t+1 be a prime power with k > 1 a positive integer and t an odd integer greater than 1. Then given β ∈ N QR(q) there exist β 1 , β 2 ∈ βĈ 0 , such that (β 1 − 1)(β 2 − 1) ∈ N QR(q).
Proof. Suppose that given β 1 ∈ βĈ 0 is such that (β 1 − 1) ∈ QR(q); the same argument is used if we suppose that (β 1 − 1) ∈ N QR(q). Hence (β 1 − 1)
where which it is a contradiction. Furthermore, there exist β 1 , β 2 ∈ βĈ 0 , such that (β 1 − 1)(β 2 − 1) ∈ N QR(q).
Corollary 4.5. Let q = 2 k t + 1 be a prime power with k > 1 a positive integer and t an odd integer greater than 1. Then given β ∈ N QR(q) there exist β 1 , β 2 ∈ βĈ 0 such that (β 1 + 1)(β 2 + 1) ∈ N QR(q).
Proof of the main theorem
With the results presented before, we are ready to prove the main theorem, Theorem 1.1, of this paper:
Proof. Let α be a generator of QR(q), β 1 ∈ N QR(q) and β 2 ∈ β 1Ĉ0 such that (β 1 − 1)(β 2 + 1) ∈ N QR(q) and (β 1 + 1)(β 2 − 1) ∈ N QR(q) (by Lemma 4.1). We claim that the following set S(β 1 , β 2 ) = ∆1−1 i=0 S(β 1 , β 2 ) j is a strong starter for F q ,where S(β 1 , β 2 ) j = {{x, β 1 x}, {y, −β 2 y} : x ∈ C j , y ∈ C j }, for j = 0, . . . , ∆ 1 − 1. We have that QR(q) = ∆1−1
First we shall prove that
, where
Case (iv): If y j (β 2 + 1) = ±y i (β 2 + 1), for y j ∈Ĉ j and y i ∈Ĉ i , then (β 2 + 1)(y j ± y i ) = 0, which it is a contradiction, sinceĈ j ∩Ĉ i = ∅, for i = j ∈ {0, . . . , ∆ 1 − 1} and y j + y i = 0.
Case (v): As (β 1 − 1)(β 2 + 1) ∈ N QR(q) then x j (β 1 − 1) = ±y i (β 2 + 1), for x j ∈ C j and y i ∈Ĉ i , since either x j (β 1 − 1) ∈ N QR(q) and y i (β 2 + 1) ∈ QR(q) or x j (β 1 − 1) ∈ QR(q) and y i (β 2 + 1) ∈ N QR(q).
Now, we shall prove that
(P j ∪ P * j ) = ∆t, where
Case (iv): If −y j (β 2 − 1) = −y i (β 2 − 1), for y j ∈Ĉ j and y i ∈Ĉ i , then (β 2 − 1)(y j − y i ) = 0, which it is a contradiction, sinceĈ j ∩Ĉ i ∅, for i = j ∈ {0, . . . , ∆ 1 − 1}.
Case (v): As (β 1 + 1)(β 2 − 1) ∈ N QR(q), then x j (β 1 + 1) = −y i (β 2 − 1), for x j ∈ C j and y i ∈Ĉ i , since either x j (β 1 + 1) ∈ N QR(q) and −y i (β 2 − 1) ∈ QR(q) or x j (β 1 + 1) ∈ QR(q) and −y i (β 2 − 1) ∈ N QR(q).
To end, it is not difficult to prove that β 1 = β 2 , since if β 1 = −β 1 x, for some x ∈ C 0 , then β 1 (1 + x) = 0, which is a contradiction, since −1 ∈Ĉ 0 .
Corollary 5.1. If S(β 1 , β 2 ) is a two-quotient strong starter for F q given by Theorem 1.1, then S(β 2 , β 1 ), S(−β 1 , −β 2 ) and S(−β 2 , −β 1 ) are twoquotient strong starters for F q different from S(β 1 , β 2 ).
Let q = 4t + 1 be a prime power with an odd integer greater than 1, C 0 ⊆ F * q be the subgroup of order t and C 0 , C 1 , C 2 , C 3 be the multiplicative cosets of C 0 . In [6] was proven then the following set S(a 0 , a 1 ) = {{x, a 0 x}, {y, a 1 y} :
where
, is a two-quotient strong starter for F q . Hence if β 1 ∈ N QR(q) and β 2 ∈ β 1Ĉ0 are such that (β 1 − 1)(β 2 + 1) ∈ N QR(q), (β 1 + 1)(β 2 − 1) ∈ N QR(q) and (β 0 − 1) ∈ C 0 and −(β 1 − 1) ∈Ĉ 0 , then
Examples
In this subsection we give examples of strong starters for F(29) and F(41) given by Theorem 1.1 (main theorem). 
is a two-quotient strong starter for F 29 . Moreover, by Corollary 5.1, we see that S(26, 2), S(27, 3) and S(3, 27) are two-quotient strong starters in 
